ABSTRACT
INTRODUCTION
Climate change is increasing water scarcity, creating a serious threat to food and energy security. Globally, there are 2.5 billion small-holder farmers, defined by the UN Food and Agriculture Organization as farmers owning 2-hectare (ha) or less. These 2.5 billion people involved, include half of the worlds undernourished and the majority of those living in absolute poverty, are vulnerable to this intensifying water scarcity crisis [2] . Furthermore, they are also providers of over 80% of the food consumed in the developing world, thus global food security will be challenged when these farmers cannot sustain their current rate of production. This situation will be increasingly severe, as the world's population is predicted to exceed 9 billion [3] in 2050, and the food demand will be increased by 70% [2] .
Drip irrigation, compared to flood irrigation, is a promising means for increasing yield. Currently, the most common method of irrigation in the developing world is flooding, which is cheap but labor intensive and inefficient. Compared to flood irrigation, drip irrigation reduces water consumption by up to 70% and increases crop yields by 20-90%, depending on the crop [4] . Drip irrigation allows for the cultivation of higher value crops, which are more sensitive to water and fertilizer application rates. It also allows for the use of more saline (lower quality) water, as the slow and regulated application of the water reduces the concentration of the salts in the root zone and allows for micro-leaching to keep salts away from the root zone [5] .
A significant barrier to adoption of drip irrigation by small-holder farmers is the recurring cost of the power required to pump water through the system at the relatively high pressure. For a drip irrigation system, the pumping power is the product of the pressure and the flow rate, thus by lowering the pressure required by the system, the necessary power decreases. The decreased pumping power requirements make solar panels a viable and affordable option to power the drip irrigation system.
In India, the country of focus in this project, as in much of the developing world, many farmers do not have access to the power grid. Solar powered irrigation would not only give these farmers access to drip irrigation but would also ease the load from the farmers who are on the grid and who currently account for a quarter of the electrical consumption in India [6] . Drip irrigation could also help to alleviate the agriculture sector's water withdrawals, which currently is responsible for 90% of the total domestic water withdrawals.
Annually, there are millions of these drip irrigation emitters sold worldwide. Jain Irrigation alone produces enough dripper line (tubes with emitters spaced at every 30-50 mm) every 6 days to circumscribe the globe [7] . However, to the author's knowledge, the design of these emitters has been purely empirical and experimental, not informed by any mathematical model. The present paper performs a parametric study of a commercially available PC emitter in an aim to provide design recommendations to bring the activation pressure down by a factor of 10. First, the important parameters in the current design are identified. The structural model is then developed followed by a sensitivity study to demonstrate the effects of the individual parameters on the activation pressure and the PC behavior of the emitter.
DESIGN REQUIREMENTS
In order to make drip irrigation an affordable and attractive option for small-holder farmers, specific design requirements must be met:
1) The emitters must exhibit PC behavior to ensure uniform water delivery throughout the field. In another words, regardless of the pressure differential applied across the emitter, the emitter must passively deliver a constant flow rate within a certain range.
2) The emitters must also exhibit an activation pressure of 0.1 bar, which allows the system to become affordable as a solar-powered or on grid irrigation system.
3) The emitters must be inexpensive. The current cost of an individual PC emitter is $0.055, of which 30% of the cost is due to the silicone membrane [8, 9] . In comparison, our target cost for an individual emitter is $0.025. 4) Lastly, the emitters must be robust to withstand handling in the field: clogging should be avoided and a lifetime of ~5 years should be guaranteed.
THEORY
To the authors' knowledge, there is no physical study on pressure compensating emitters of drip irrigation. The existing practice of dripper design is based on empirical intuition and trial-and-error. A mathematical model is demanded to guide the optimization of the design. This paper models an 8 liters/hour pressure-compensating emitter that has an activation pressure of 1 bar. The main aim is to optimize the drippers to achieve a low activation pressure of 0.1 bar in order to decrease the energy need of pumping making a solarpowered system affordable for small-acreage farmers. Figure 1 shows the architecture of a typical pressurecompensating emitter and the parameters that influence its performance. An emitter consists of tubular structures made from hard plastic that is usually injection molded and has a compliant membrane within it which deforms and leads to pressure compensating behavior. Figure 1 points out the parameters that influence the emitter's performance. The parameters of interest with regards to the membrane are: the material properties, thickness and diameter. The parameters of interest with regards to the rigid emitter are: the orifice dimensions, the land diameter, the channel dimensions, the maximum height of deflection of the unstressed membrane, and the outlet diameter. 
-CROSS SECTION OF EMITTER
As a complex fluid-structure interaction is involved, this model has to include two parts: the solid deformable structure and the fluid flow. They are first decoupled and modeled individually and then coupled through iteration. Figure 3 [a] shows the loading due to the pressure distribution shown in Fig. 2 . We assume that the atmospheric pressure, ! , acts halfway through the lands and that the circular membrane is simply-supported along the outer edge. The deflection of the membrane can be split up into two regimes: first, the compliant membrane deforms in bending up to the lands and then deforms in shear into the channel.
Structure deformation
The deflection due to the loading shown in Fig. 3 [a], can be calculated by superpositioning deflection of a circular plate with uniform loading and one with annular loading as shown in Fig. 3[b] and [c] . The deflection can be described by:
1) Deflection of circular plate with uniform loading, Fig.  3 [b]:
2) Deflection of circular plate with annular loading, Fig.  3 [c]:
Where:
For all
So the total deflection is:
Figure 3 -LOADING ON SIMPLY SUPPORTED PLATE; [a-Left] OVERALL LOADING; [b-Center] UNIFORM LOADING OVER THE MEMBRANE; [c-Right] ANNULAR LOADING UNDER THE MEMBRANE
Equations [1] to [8] are valid for small deflections ( !"!#$,!"# < ). Once the deflection exceeds the thickness of the plate, it is necessary to use a correction factor to account for the stiffening. Large deflections are calculated by using small deflection theory and then scaling the deflection to account for the radial stiffening based on Figure 4 , the Timoshenko correction factor.
Figure 4-CORRECTION FACTOR FOR LARGE DEFLECTIONS OF SIMPLY SUPPORTED PLATE
Once the membrane deflects to the lands, an opposing circular line force appears preventing the membrane from deflecting further. The additional pressure loading, ! − ! , causes the membrane to deflect in shear into the channel (Fig.  5) .
Assuming that only a small section of the membrane shears, the deflection can be approximated by shearing deformation of a simply supported thick beam, which can be modeled by:
Where
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Flow modeling When the membrane touches the lands, the only remaining path for the fluid is through the channel as shown in Fig. 6 . As the width and height are relatively small compared to the length, the flow in the channel can be modeled using the Darcy-Weishbach equation:
is the equivalent wet radius.
[16]
The Colebrook equation is iteratively solved to obtain the friction factor, .
[18] Figure 7 shows that in the PC regime, varies linearly with pressure. The friction factor, , can be assumed to be approximately constant in the turbulent regime. This means that the effective length of the channel, L, needs to increase, the hydraulic diameter, ! , needs to decrease and the area, , needs to decrease, either separately or in combination, to result in linearly increasing over increasing pressure, the roughness height ε is 0.0025 mm for injection molding. 
Fluid-structure interaction
The pressure in the chamber, ! , can be obtained by
This equation is a coupled system: the chamber pressure, !, is dependent on the flow rate and the flow rate is dependent on the membrane deformation which is in turn dependent on ! .
This leads to a highly coupled problem, which should be solved iteratively until ! converges, i.e. the error from the last step P 2 to the next one is within the tolerance of 1%.
COMPARISON AND DISCUSSION
The current model reveals that 1) the activation pressure is primarily governed by the deflection of the membrane down until it touches the lands, and 2) the PC behavior is governed by the shearing deflection of a section of the membrane into the channel.
In order to determine the coefficient of resistance through the orifice on the 8 L/hr emitter, an experiment was conducted. The bottom of the dripper was removed and the membrane was replaced with a solid disk, as shown in Fig. 8 . The orifice remains the same as the original dimensions. Fig. 9 , the coefficient of resistance was estimated to be 0.94, which is shown in Fig. 10 . Note that the orifice causes a pressure drop and the pressure of the fluid exiting the orifice was 94% of the pressure when entering the orifice. This coefficient was used in the following parametric study.
Figure 10-ESTIMATION OF COEFFICIENT OF RESISTANCE THROUGH ORIFICE
The activation pressure of the emitter is determined by the pressure at which the membrane first touches the lands. This occurs at the inside edge of the lands, corresponding to the outlet diameter of the rigid emitter. The loading and deflection of the membrane is discussed in the theory section, and described by equations [1] to [8] .
Each of the following parameters is changed individually to demonstrate the trends in the activation pressure of the 8 liters/hour PC emitter: the membrane thickness, the Young's Modulus of the membrane, the radius of the membrane and the radius of the outlet. Note that for each parameter, the model is compared against the current design's measurement to validate this model; this is shown in the box on Fig 11 -14 . When the membrane thickness is increased, the activation pressure increases as shown in Fig. 11 . A good comparison between model and experiment has been observed for the thickness of 13 mm. When the Young's Modulus is increased, the activation pressure increases as shown below in Fig. 12 . Note that only the range of silicone rubber is shown in this figure for comparison purpose. It reveals that the current model can well predict the activation pressure at the Young's Modulus of 3.8 GPa used in the experiment.
Figure 12 -ACTIVATION PRESSURE FOR VARIED YOUNG'S MODULUS
When the membrane radius is increased, the activation pressure decreases as shown below in Fig. 13 . Again, for the membrane radius of 55 mm that is consistent with the experiment, the current model yields the correct activation pressure of 1.5 bar. At last, when the outlet radius is increased, the activation pressure decreases as shown below in Fig. 14. This follows with the logic that the area of the annular loading from the chamber is decreased with increasing outlet radius. The experiment data for the outlet radius of 9.5 mm is marked in the graph, which can be well predicted by the model.
Figure 14 -ACTIVATION PRESSURE FOR VARIED OUTLET RADIUS
This analysis is an essential design tool that can be used to guide new designs to achieve lower activation pressure based on the existing architecture, or explore new architectures with simpler principles. To summarize, a thinner softer and larger membrane and a larger outer diameter will help reduce the activation pressure.
PC Behavior of the Emitter
The PC Behavior in the emitter is governed by the interaction between the section of the membrane over the channel and the dimensions of the channel itself. With increasing pressure, there is an effective lengthening of the channel, along with an increase in the perimeter of the crosssection of the channel and a decrease in the area of the crosssection of the channel, as seen in Fig. 15 . It is these three parameters that produce the PC behavior as discussed in the theory section. 
CONCLUSION
This paper presents a mathematical model investigating the physics behind PC drip irrigation emitters. As availability of fresh water for irrigation continues to deteriorate and the world's population continues to increase, it will become essential to convert to high-yield water-efficient farming methods. Inevitably, those in the developing world who have the least agency and the least access to financial resources will be the most affected by such hardships. Drip irrigation is a solution, which offers a reliable way to reduce water usage while increasing crop yields. However, the high initial and operating costs are hampering drip irrigations adoption, as it is unaffordable for millions of subsistence farmers, especially those living off the grid. A significant reduction in the operating cost can be achieved by lowering the pumping pressure requirement of a PC emitter.
A parametric sensitivity study on activation pressure reveals that the activation pressure can be reduced by decreasing membrane thickness, decreasing membrane Young's Modulus, increasing membrane radius, and decreasing outlet hole diameter, or of course by some combination of the above. The PC behavior is shown to be governed by the effective length, perimeter and area of the channel. The model was verified against Jain Irrigation's published data.
The main aim of the development of the mathematical model was to analytically understand the effect individual parameters have on the activation pressure and PC behavior. With this model, it is now possible to analytically redesign the dripper by changing parameters individually or in combinations to achieve the lower activation pressure and the PC behavior. The next steps in reaching this goal will involve validating the model by prototyping different dripper designs and then comparing the model with the experimental data. Finally, an optimization study will be conducted to achieve an activation pressure of 0.1 bar and maintain PC behavior, while taking into account factors such as cost of material, lifetime of the dripper and clogging resistance.
The profitability of small-acreage farmers in India is dependent on year-round farming. The monsoons guarantee one season of free water, but winter and summer farming are dependent on powered irrigation. With solar-powered drip irrigation, farmers can cultivate year-round and increase their crop yield by between 20-90% [4] while avoiding recurring diesel costs. Additionally, due to the low-flow targeted, nature of drip irrigation, less fertilizer is needed to enrich the same amount of land, saving farmers up to 30% in fertilizer costs [5] . To make low-pressure drip, and thus solar-pressure drip, a reality, it is quintessential to understand the underlying physics of the drip emitter.
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